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ABSTRACT 

The sum N(R) of nil one-sided ideals of bounded index of a ring R is shown 
to coincide with the set of all strongly nilpotent elements of R of bounded 

index. The known result that N(R) is contained in the prime radical is 
highly improved and it is shown N(R) is contained in N2(R). It is proved 
that the sum of a finite number of nil left ideals of bounded index has 

bounded index. 

Introduct ion  

A result of Amitsur JR, Th.2.6.27] shows that the set N(R) of all elements of a 

ring R that generate one-sided ideals which are nil of bounded index is an ideal, so 

N(R) is also the sum of all nil one-sided ideals of R of bounded index. The ideal 

N(R) turns out to be of crucial significance in the problem of embedding PI- 
rings in matrix rings over commutative rings [R, Th. 6.1.26]. It is proved in [R, 

Prop.2.6.26] that N(R) is contained in the prime radical of R. The prime radical 

of a ring has been characterized as the set of all strongly nilpotent elements of 

the ring [L, p. 56]. For a strongly nilpotent element one may define an index 

which might be infinite. We characterize N(R) as the set of those elements of R 

which are strongly nilpotent of bounded index 

The definition of the prime radical in terms of the nondecreasing transfinite 

sequence of ideals No(R) JR, I, p. 204] raises the question about the location of 

N(R) relative to that  sequence. It is clear that NI(R) -- the sum of all nilpotent 

ideals of R - -  is contained in N(R) and we prove that N(R) is contained in 
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N2(R) - -  the sum of all ideals of R which are nilpotent mod  NI(R). Moreover, 

examples are given showing tha t  each of the following three cases may occur: 

NI(R) = N(R) # N2(R),  NI(R) # N(R) = N2(R),  NI(R) # N(R) # N2(R).  

We conclude the paper with a new proof  showing that  N(R) is an ideal. Our  

proof  yields tha t  the sum of a finite number  of nil left ideals of bounded index 

has bounded index, a result which doesn ' t  seem to follow from the known proof  

which shows N(R) is an ideal. 

1. D e f i n i t i o n s  a n d  notat ions  

Given an element a of a ring R let (a)~ (resp. (a)~) denote the left (right) ideal 

of R generated by a. We do not assume tha t  R has a unit so we cannot  write Ra 
instead of (a)~ as in [R] and therefore we have 

N(R) = {a E R J (a)~ is nil of bounded index}. 

The definition of N(R) is left-right symmetr ic  since (a)~ is nil of bounded index 

if and only if (a)~ is nil of bounded index. 

An  element a of R is called s t r o n g l y  n i l p o t e n t  provided every m-sequence 

s tar t ing with a is ul t imately zero. Recall tha t  an m-sequence is a sequence 

a0, a l ,  a 2 , . . ,  of elements of R such tha t  an E an-lRan-1, n = 1, 2 , . . .  Following 

[BR, p. 45] we prefer to call the elements of an m-sequence q u a s i p o w e r s  of a0. 

If  a0 = a is given, an is said to be a quasipower of a of o r d e r  n and will be 

denoted by a (n). Note tha t  a (n) depends on n elements b l , . . . ,  bn of R in the 

following manner  

a (~ = a; 

a(n)(bl,...,bn)=a(n-1)(bl,...,bn-1)bna(n-1)(bl,...,bn-1), n> 1. 

It  is clear tha t  a (~+v) = (a(=)) (v) for any two integers u, v > O. Note also tha t  

(xa)(n)(bl,..., bn) = xa(n)(blx,..., bnx). 

Given a s trongly nilpotent element a we say tha t  it has b o u n d e d  i n d e x  if there 

exists an integer n _> 0 such tha t  all quasipowers of a of order n are 0. The least 

such n will be denoted by a (a)  and if no such n exists we set a(a) = cr Note 

tha t  if a belongs to a nilpotent ideal of index k then a(a) <_ [log 2 k] where for a 

real number  x we denote by Ix] the smallest integer > x. We shall also use the 

nota t ion  [xJ for the largest integer _< x. 
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2. A c h a r a c t e r i z a t i o n  o f  N(R)  

Let F be the free ring without  unit generated freely by x l , x 2 , . . ,  and let I~ be 

the ideal of F generated by all n - th  powers of elements of F .  Then  F/I~ is 

the countable generated generic nil ring of index n. By [A, Th.1], (F/I~) TM C_ 

N I ( F / I , )  where m = Ln/2J. In part icular  x l ' . ' x m  + I~ generates a nilpotent 

ideal of F/I~ and we denote the index of nilpotence of this ideal by p(n). The 

function p(n) is not known and only bounds for p(n) are known when n < 7. 

LEMMA 1: For any nil ring S of index <_ n and any m elements a l , . . .  ,am o[ 

S, m = [n/2J ,  the idea /genera ted  by the product a l "  "am is nilpotent of index 

<_ p(n). 

We have to show tha t  if b l , . . . ,  bp(n)-i are arbi t rary  given elements of S Proo~ 

then 

(al . . .  am)bl(al . . ,  a m ) ' "  bo(n)-l(al"'" am) = O. 

Consider an homomorphism ~: F ~ S with ~(xi) = a~, i = 1 , . . . , m ,  and 

~(xm+j) = bj, j = 1 , . . .  ,p(n) - 1. Since S is nil of index n we have In C_ ker~.  

By the above-mentioned result for xl  �9 " Xm + In we get 

( X l ' ' ' X m ) X m + l ( X l ' ' ' X m ) ' ' ' X m + p ( n ) _ l ( X l ' ' ' X m )  �9 In 

and applying ~ the desired result follows. | 

THEOREM 1: N(R)  = {a �9 R l a(a ) < ~ } .  

Proo~ Let a(a) = n < c~. I f n  = 0 then a = 0 �9 N(R) .  I f n  > 1 we have 

a(n)(bl , . . . ,  bn) = 0 for any b l , . . . ,  b~ �9 R and in part icular  a ( n ) ( x , . . . ,  x) = 0 for 

any x �9 R implying (a)e is nil of bounded index (< 2 ~ if 1 �9 R and <: 2 n+l - 1 

otherwise). 

Now suppose (a)e is nil of i n d e x n .  If  n - -  1 t h e n a  = 0 a n d a ( a )  = O. For 

n _> 2 let m = [n/2J and let u = [ l o g 2 ( m + l ) ] .  Then  2 ~ _> m + l  and any 

quasipower a (~) can be wri t ten as a product  of m + 1 elements co, al, �9 �9 am 

belonging to (a)~. Applying Lemma 1 to S = (a)e we get tha t  the ideal of S 

generated by a l . . . a m  is nilpotent of index < p(n). So if v = [log 2 p(n)] then 

2 ~ > p(n) and therefore ( e l "  "am)(V)(Cl,.. .  , c . )  = 0 for any c l , . . .  , c ,  �9 S. Now 

given any v elements b l , . . . ,  bv �9 R we have 

(aoal . . .am)(V)(bl , . . . ,bv)  = ao(al . . .am)( ' ) (b lao , . . . ,b ,ao)  
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and 

(al-'- a m ) ( V ) ( b l a o ,  . . . , bvao) = 0 

since b lao , . . . ,  bvao E S. But a o a l ' "  am = a (u) so 

a (u+v) = (a(~)) (') = (aoa l "  "am) (") = 0 

and therefore a(a) < u + v. | 

3. T h e  l o c a t i o n  o f  N(R) re lat ive  to  N~(R) 

For an algebra over a field of zero characteristic each (a)~, a E N(R) ,  is nilpotent 

by the Nagata-Higman Theorem [J] so N ( R )  = NI(R) .  In general it is known 

that  N ( R )  is contained in the prime radical. This result is improved in the 

following 

THEOREM 2: N ( R )  C_ N2(R). 

Proof" Let L be a nil left ideal of index _< n. By [A, Th.1] L m C_ NI(L)  where 

m = [n/2] .  If A is a nilpotent ideal of L then LA is a nilpotent left ideal 

of R so L A  c NI(R) .  Since N1 (L) is the sum of nilpotent ideals of L we get 

L N I ( L )  C_ NI(R)  so L m+l = LL  m C_ NI(R) .  But N2(R) contains the left ideals 

of R which are nilpotent mod NI(R)  so L C_ N2(R) and therefore N ( R )  C N2(R). 
| 

COROLLARY 1: Let L be a nil left ideal of  R of  bounded index n and m = [n/2J.  

Then for any a l , . . . ,  am+l E L the product a l a 2 " " a m + l  generates a nilpotent 

ideal of  R of index ~ p(n). 

Proo~ The claim about the nilpotency of the ideal generated by a l a 2 . . ,  am+l 

follows since we have shown L m+l C_ NI(R) .  The claim about the index follows 

from Lemma 1 since if b l , . . . ,  bk E R, where k -- p(n) - 1, we have 

( a l a 2 " " a m + l ) b l ( a l a 2 " - ' a m + l ) - ' - b k ( a l a 2 . - . a m + l )  

= a l ( a 2 " " a m + l ) ( b l a l ) ( a 2 " " a m + l ) ' "  (bka l ) (a2" 'am+l )  ---- 0 

since b l a l , . . . ,  bkal E L. I 

Under the assumptions of Corollary 1 we get in particular that  if a E L then 

a m+l generates a nilpotent ideal of R of index _< p(n). But in this case it is 

possible to get a concrete bound for the index. By [K, Th.6] if y is an element of 
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the infinitely generated generic nil ring of index n then ym generates a nilpotent 

ideal of L of index _< 2 n-m. It follows that  a m generates a nilpotent ideal of L 

of index < 2 " -m.  So by the proof of Corollary 1 we get 

COROLLARY 2: Let L be a nil left ideal of R of bounded index n and m = Ln/2J. 

Ira E L then a m+l generates a nilpotent ideal of R of index < 2 n-re. 

Now we know that NI(R) C N(R) C_ N2(R) and we are going to show that all 

three possibilities may occur namely: (i) Nl(R) = N(R) ~ N2(R); (ii) NI(R) r 

N(R) = N2(R); (iii) NI(R) ~ N(R) ~ N2(R). 

(i) R may be any PLalgebra  over a field of zero characteristic with N2(R) 

NI(R). For instance let S be the quotient ring of the ring of polynomials 

Q[tl, t2, . . .]  modulo the ideal generated by {t 2 ] i = 1, 2 , . . .}  and let 

( NI(S) S ) 
R =  \ N I ( S )  N I ( S ) _ "  

Then R = N2(R) r NI(R) = M2(NI(S)). 

(ii) We take S and R as in (i) with Q replaced by Z2. Here NI(S) satisfies the 

identity x 2 = 0 and R satisfies the identity x 4 = 0 so we have R = N(R) = N2(R) 

and R ~ NI(R) since e12 does not generate a nilpotent ideal. Indeed, the ideal 

generated by el2 contains the elements e12(t~e21) -- tiell and t x ' - .  tn ~ 0 for any 

n > l .  

Another example of type (ii) is F/I4. Indeed, the ring R we have just con- 

structed is a homomorphic image of F/I4 and since R r NI(R) we have F/I4 

NI(F/I4). But (F/I4) 2 C_ NI(F/I4) so F/I4 = N2(F/I4). 
(iii) Let R = R1 �9 R2 where R1 is a ring of type (i) and R2 is a ring of type 

(ii). Then N(R) = N(R1) • N(R2) = NI(R1) G N2(R2) ~ NI(R),N2(R) since 

gl(Ri)  ~ N2(Ri) for i = 1, 2. 

4. A n e w  p r o o f  s h o w i n g  N(R) is an idea l  

Considering the known proof showing N(R) is an ideal one may wonder whether 

it is possible to prove this result inside R. We prove that the sum of two nil left 

ideals of bounded index has bounded index and this easily implies N(R) is an 

ideal. Our result is interesting in its own right and doesn't seem to follow from 

[R, Th.2.6.27]. 

If (a)e is nil of bounded index then it is clear that (xa)e and (ax)e are nil 

of bounded index for any x E R. Moreover, we have a(xa) < a(a) since 
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( x a ) ( n ) ( b l , . . . ,  bn)  = x a ( n ) ( b l  x . . . .  , bnx) and similarly a(ax) <_ a(a). It  remains 

to show that  N ( R )  is closed under addition. Theorem 3 will say more than that .  

The generic nil ring of index k generated by s elements is nilpotent and we denote 

its index of nilpotence by u(k, s). Thus any nil ring of index k generated by s 

elements is nilpotent of index _< u(k, s) [K]. 

THEOREM 3: Given two positive integers m, n there exists an integer T(m, n) 
such that for any ring R and any two nil left ideals L1, L2 of R of indices m, n 

respectively L1 + L2 is nil of index <_ T(m, n). 

Proo~ Let a, b be any two given elements of L1, L2 respectively. We prove that  

there exists an integer T(m, n) which does not depend on a, b such that  a + b is 

nilpotent of index _< T(m, n). 

Consider the subring S of R generated by a, b and let A be the left ideal of S 

generated by a and B the left ideal of S generated by b. We have S = A + B and 

A C_ L1, B C_ L2 so A is a nil ring of index m and B is a nil ring of index n. It  is 

clear that  A is generated as a ring by the finite set {bJa ~ [ i = 1 , . . . ,  m - 1; j = 

0 , . . . , n -  1} and B is generated by {aib i [i  = 0 , . . . , m -  1; j = 1 , . . . , n -  1}. It  

follows that  A is nilpotent of index _< v I = / ] ( m ,  ( m  --  1)n) and B is nilpotent of 

index _< v2 = u(n, (n - 1)m). I t  follows that  the ring S = A + B is nilpotent of 

index _< ul + u2 - 1 and therefore there exists a bound for the index of nilpotence 

of S depending only on m and n and such a bound may be defined as ~-(m, n) 

s i n c e a + b E S .  | 

COROLLARY 3: In any ring the sum of a finite number of nil left (right) ideals 

of bounded index is a nil left (right) ideal of bounded index. 
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